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1. Introduction
The system of two bound fermions covers a
huge number of interesting problems from atomic,
nuclear and subnuclear physics. It is one of the
most dicult problems in eld theory due to the
fact that bound states necessarily involve an in-
nite number of diagrams. We studied this prob-
lem in the framework of the explicitly covari-
ant light-front dynamics [1] (CLFD). In this ap-
proach, the state vector is dened on an hyper-
plane given by the invariant equation !  x = 0
with !2 = 0. The standard light-front, reviewed
in [2], is recovered for ! = (1; 0; 0;−1). The
CLFD equations have been solved exactly for a
two fermion system with dierent boson exchange
ladder kernels [3,4]. We have considered sepa-
rately the usual couplings between two fermions
(scalar, pseudo-scalar, pseudo-vector, and vector)
and we were interested in states with given angu-
lar momentum and parity J = 0; 1. Each
coupling leads to a system of integral equations,
which in practice are solved on a nite momen-
tum domain [0; kmax]. If the solutions necessarily
exist when the integration domain is nite { for
the kernels are compact, it is not a priori obvious
that the equations admit stable solutions when
kmax goes to innity. Particular attention must
therefore be paid to the stability of the equations
relative to the cuto kmax. We develop hereafter
an analytical method to study the cuto depen-
dence of the equations and to determine whether
they need to be regularized or not.
The method will here be detailed for a J = 0+
state in the Yukawa model but it can be applied
to any coupling. Results will be presented for
scalar and pseudo-scalar exchange. This latter
furthermore exhibits some strange particularities
which will be discussed.
2. Scalar exchange
Let us consider a system of two fermions in a
J = 0+ state, bound by a scalar exchange, whose
Lagrangian density is given by L = gs ΨΨ. Its
wave function, constructed using all possible spin
structures, is determined in the 0+ case by two
components [6], f1 and f2, which depend on the














~k is the momentum of one particle in the system
of reference where ~k1 + ~k2 = 0, n^ is the spatial
part of the normal ! to the light-front plane, 
is the angle between ~k and n^, and w is the two
component spinor. The appearence of a second
component compared to the non relativistic case
is due to vector n^, which induces additional spin
structures.
f1 and f2 satisfy the system of coupled equa-
tions :


















M2 si the total mass squared of the system, m is
the constituent mass and "k =
p
~k2 +m2. The
kernels Kij result from a rst integration of more
elementary quantities:








where ij depend on the type of coupling. The




2k2k02 + 3k2m2 + 3k02m2 + 4m4
−2kk0"k"k′ cos  cos 0
−kk0(k2 + k02 + 2m2) sin  sin 0 cos’0
S12 = −m(k2 − k02) (k0 sin 0 + k sin  cos’0)
S21 = −m(k02 − k2) (k sin  + k0 sin 0 cos’0)
S22 = −
(
2k2k02 + 3k2m2 + 3k02m2 + 4m4
−2kk0"k"k′ cos  cos 0) cos’0
−kk0(k2 + k02 + 2m2) sin  sin 0 (2)
In practice, the integration region over the mo-
menta is reduced to a nite domain [0; kmax].
The kinematical term [M2− 4(k2 +m2)] on l.h.s.
of equation (1) does not generate any singularity
and the kernels Kij are smooth functions of the
 variable. Thus, the stability of the solution de-
pends only on the asymptotical behavior of the
kernels in the (k; k0) plane.
Variables (k; k0) can tend to innity following
dierent directions: for a xed value of k, K11
decreases as 1=k0, and vice versa. As the integra-
tion volume contains the factor "k′ , this means
that the total kernel decreases as 1=k02, that is
like a Yukawa potential. In contrast, K22 does
not decrease in any direction of the (k; k0) plane,
but tends to a positive constant with respect to k
and k0. K22 is thus asymptotically repulsive and
does not generate any unstability. In the domain
where both k; k0 tend to innity with a xed ratio
k′





γ Aij(; 0; γ) if γ  1
1p
γ Aij(; 
0; 1=γ) if γ  1
Since K22 is repulsive and does not generate any
collapse, we consider only the rst channel. We
have










2γ(1− cos  cos 0)− (1 + γ2) sin  sin 0 cos’0}
where
D = (1 + γ2)(1 + j cos  − cos 0j − cos  cos 0)
− 2γ sin  sin 0 cos’0
Let us now majorate the function A11. For xed
γ, the maximum of A11 is achieved at  = 0 and
for any  = 0 it reads: A11( = 0; γ) = 0
p
γ.
The maximum value of kernelK11 is thus reached
for γ = 1. The majorated kernel obtained this
way coincides with the non-relativistic potential
U(r) = −0=r2 in the momentum space with
0 = =(2m). As well known [7], for this poten-
tial, the binding energy does not depend on cuto
if 0 < cr = 1=(4m) what restricts the coupling
constant to:  < =2. If 0 > 1=(4m), the bind-
ing energy is cuto dependent and tends to −1
when kmax ! 1. A ner majoration of A11 was
done by taking into account its dependence on γ
[8]. In this way we have found cr = , instead
of =2. As the kernel was majorated, the critical
coupling constant is expected to be larger than .
It can be determined, together with the asymp-
totical behavior of the wave functions, by consid-









dz0K(k; z; γk; z0)f(γk; z0)
where we have neglected the binding energy, sup-
posing that it is nite, and omitted the indices









dγ A(; 0; γ)








Looking for a solution which behaves as
f(k; z)  h(z)
k2+
; 0   < 1: (4)













A(z; z0; γ) cosh ( log γ)
The relation between the coupling constant  and
the coecient , determining the power law of
the asymptotic wave function, can be found in
practice by solving the eigenvalue equation (5)




dz0H(z; z0) h(z0) (5)
and taking () = 1= The relation () ob-
tained that way is represented in Figure 1. The
value  = 0 corresponds to the maximal { that is
the critical { value of : c = ( = 0) = 3:72,
in agreement with the previous analytical estima-
tions. It is independent of the exchanged mass .












Figure 1. Function () for LFD Yukawa model
with K11 channel only.
Figure 2 shows the two dierent regimes,
whether the coupling constant is below ( = 3)
or above ( = 4) the critical value c. As it
can be seen in Figure 3, the wave functions accu-

















Figure 2. Cuto dependence of the binding en-
ergy in the J = 0+ state ( = 0:25), in the one-
channel problem (f1), for two xed values of the


















Figure 3. Asymptotical behavior of the J =
0+ wave function components fi for B=0.05,
=1.096, =0.25. The slope coecient are 1 =
0:82 and 2  0.
41=k2+ with a coecient () given in Figure 1.
It is worth noticing that { at least in the frame-
work of this model { one could measure the cou-
pling constant from the asymptotic behavior of
the bound state wave function.
A similar study has been done for the J = 1+
state, which is shown to be unstable without reg-
ularization [8,9].
3. Pseudo-scalar coupling
The stability of the pseudo-scalar (PS) coupling
is analyzed similarly to the scalar one. The same
method leads to the conclusion that the equations
for the PS coupling are quite surprisingly stable
without any regularization.
However, the results show a "quasi-
degeneracy" of the coupling constant, for a
wide range of binding energies. One has for
instance (see Figure 4)  = 49:5 for a system
with B = 0:001, and  = 48:6 for a system ve
hundred times more deeply bound (B = 0:5),












Figure 4. Convergence of coupling constants as
function of the cuto kmax for B = 0:001 and
B = 0:5. The exchange mass is  = 0:15.
This peculiar behavior can be shown to come
from the second channel:









The kernel K22(k; k0; ; 0;M2), whose expres-
sion is explicitly given in [3], is represented in
Figure 5 for xed values of ; 0. It vanishes for
k = 0 or k0 = 0 and tends towards a positive



























Figure 5. K22 kernel in (k; k0) plane.
Let us modelize this kernel by a kind of "po-
tential barrier" in the momentum space (k; k0),


































Figure 6. Modelization of K22 by a simpler kernel




(k0 − k1)(k2 − k0)
 [(k − k1)(k2 − k) + (k − k2)(kmax − k)]





 (k2 − k) + U2
m2
(k − k2)(kmax − k)

with (x) = 1; x > 0 and (x) = 0; x  0. This
kernel has the same characteristics than KPS22
5since it is zero when k; k0 ! 0,and tends towards
a constant when (k; k0) go to innity with a xed
ratio γ = k0=k.
f2 satises the Schro¨dinger type equation








with 2 = m2 − M24 . We assume that k1 <
k2 < kmax et U2 < U1. The term "k′ in the
volume element of (6) was replaced by its large
momentum behavior, that is by k0. We dene
Γ(k) = [k2 + 2]f2(k). The equation for Γ(k),










The solution Γ(k) is constant for k1 < k < k2 and
k2 < k < kmax :
Γ(k) = Γ1(k − k1)(k2 − k)
+ Γ2(k − k2)(kmax − k)
The Γi satisfy the coupled equations
(1 + u1a) Γ1 = −u1bΓ2
(1 + u2b) Γ2 = −u1aΓ1
















Replacing Γ(k) by its denition in terms of f2(k),





[(k − k1)(k2 − k)
− au1
(1 + bu2)
(k − k2)(kmax − k)

where N is a normalisation constant. For a given
 the coupling constant is
() =
(au1 + bu2) +
p
(au1 − bu2)2 + 4u21ab
2abu1(u1 − u2)
and the results provided by this simple kernel
are summarized in Table 1. () depends on 
through logarithms in a; b, eq. (8). Besides, the
Table 1
Coupling constant as a function of the binding










value of  is much smaller than k1; k2; kmax. This
explains the very weak dependence of () v.s. .
We conclude from the above discussion that,
even if the PS coupling does not formally need
any regularization to insure its stability, calcula-
tions without form factors { though analytically
understood { lead to results which are hardly in-
terpretable on the physical point of vue.
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